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DYNAMIC ENVIRONMENTS 
DETERMINISTIC vs RANDOM 

 Stationary random: the mean is constant and the nature of the signal remains the sam 

 Non-stationary random: the mean may vary and the nature of the signal changes 

 Ergodic random: a sample can be taken of the signal, or across a signal and it will be 

representative of the event 
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RANDOM SIGNALS: INTRODUCTION 

 Random phenomenon can be described only in a statistical sense. Its 

instantaneous magnitude at any time is not known; rather, the 

probability of its magnitude exceeding a certain value is given 

 

 Examples include earthquake ground motion, ocean wave heights and 

frequencies, wind pressure fluctuations on aircraft and tall buildings, 

and acoustic excitation due to rocket and jet engine noise 

 

 Characterization of a random signal: 

► Root Mean Square 

► Cumulative Mean Square  

► Power Spectral Density 
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RANDOM SIGNALS 
Root Mean Square “RMS” and Cumulative Mean Square “CMS” 

 Assume random signal with zero mean value: 

 

 

 Square the signal to get a non-zero mean 

► Non-zero mean value = mean square 

 

 

 It can be shown that the “Square Root of the Mean Square” (RMS) value is: 

► Equal to the standard deviation  of a Normal Distribution  value that has 68.3% chance of occurring 

► “3 ” gives a probability of 99.73% chance of occurring 

 

 Cumulative Mean Square (CMS): 

► Show which frequencies contribute the most 

r.m.s of the signal previously filtered to 

eliminate frequencies above f2 

CMS 
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RANDOM SIGNALS 
POWER SPECTRAL DENSITY “PSD” 

 Now take the gradient of the CMS: 

 

 

 

 

 
 

► The PSD shows the frequency content of the signal more directly than the CMS plot 

► The square root of the area under the PSD curve is the RMS ! 
 

 Key point on using PSD in IN-OUT random processes :  
► “OUTPUT” PSD is related to the “INPUT” PSD thru Frequency Response Function H(f) 

Sy(f) = |H(f)|2 Sx(f)
 

PSD 
CMS 
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EXAMPLE OF ANALYSIS OF RANDOM SIGNALS 
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KCAS =324 / MACH    =0.82 / ALT[ft] =27807 / EXT[m]  =0.08

max PITCH =41.31

max ROLL  =0.15

rms [ x ] =0.068 rms [ xf ] =0.067 integralPSD [ xf ] =0.063N0 [ xf ] =16.029

rms [ x ] =0.061 rms [ xf ] =0.060 integralPSD [ xf ] =0.056N0 [ xf ] =12.300

rms [ x ] =0.072 rms [ xf ] =0.072 integralPSD [ xf ] =0.063N0 [ xf ] =15.992

rms [ x ] =0.058 rms [ xf ] =0.058 integralPSD [ xf ] =0.055N0 [ xf ] =12.345

RANDOM SIGNALS: Ny and Nz accelerations measured at a 

location in the airframe 
PSD analysis of the time-histories 
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“GAUSSIAN” OR “NORMAL” DISTRIBUTION 
VALUES WITH PROBABILITY 1/1000 

PROBABILITY OF A  

“GAUSSIAN” O “NORMAL” 

DISTRIBUTION 

PSD of a w =1 rms 

Random Gust 

rms of a 

magnitude “i” for a 

turbulence with 

w=1 U  3w 
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PSD OF CONTINUOUS TURBULENCE 
Von Karman and Dryden Models 

L = Scale of Turbulence = 2500 

U = Flight Speed 

Von Karman Model Dryden Model 

wG 
w 
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NOW… LET’S FIX CONCEPTS WITH OUR TYPICAL SECTION 

 

For the sake of simplicity, let’s assume: 

► Incompressible flow (Theodorsen’s theory remains applicable) 

► Only heave motion h(t)  

► No stiffness (Kh = 0) and zero structural damping (gh = 0) 
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CALCULATION OF FREQUENCY RESPONSE FUNCTION (1/3) 
2D INCOMPRESSIBLE FLOW IN h-MOTION 

THEODORSEN’S FORMULATION 

(see presentation #19) 
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CALCULATION OF FREQUENCY RESPONSE FUNCTION (2/3) 
2D INCOMPRESSIBLE FLOW IN h-MOTION 
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CALCULATION OF FREQUENCY RESPONSE FUNCTION (3/3) 
2D INCOMPRESSIBLE FLOW IN h-MOTION 

b / L  0 Scale of turbulence >> characteristic length of the vehicle  d2h / dt2  0 

b / L   Scale of turbulence << characteristic length of the vehicle  d2h / dt2  0 

(b / L)crit Scale of turbulence associated to maximum vertical acceleration 
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APLICACIÓN PRÁCTICA 
RÁFAGA DISCRETA – ECUACIONES EN EL DOMINIO DE LAPLACE 
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DUHAMEL’S INTEGRAL 
PRINCIPLE OF SUPERPOSITION 

h(t) 

response to unit-step function 
A(t)  

“Indicial Admittance” = response to unit-step function  

x(t) response of the physical system to the input f(t) 

APPENDIX (i) 
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LAPLACE TRANSFORM 
CONVOLUTION THEOREM 

APPENDIX (ii) 
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